Abstract: In this paper, dyadic probabilistic shaping (PS) for pulse amplitude modulation (PAM) has been investigated and experimentally demonstrated for intensity-modulation and direct-detection optical interconnection systems. Improved achievable information rate can be obtained under the condition of limited bandwidth and signal-to-noise ratio (SNR). Theoretical investigations of generalized mutual information have been performed. 0.61-and 1.74-dB SNR gains by dyadic PS can be obtained for PAM-4 and PAM-8, respectively, to achieve error free assuming optimal 20% FEC. Meanwhile, such fixed distributions can offer a considerably broad SNR range (10.3-16.7 dB for PAM-4 and 13.4-24.6 dB for PAM-8) with positive gain. Moreover, experimental investigations have been carried out over optical multimode fiber (MMF) links at 850 nm using a commercial-product-level vertical-cavity surface-emitting laser (VCSEL) chip. PAM-8 signaling by PS at the net rate of 75 Gb/s has been realized with 100-m OM3 fiber transmission. Energy efficient signaling can be achieved with up to 46% theoretical power reduction by PS. Experimentally, we obtained 16% reduction of optical power for the VCSEL-MMF optical link. The dyadic distribution of PS, due to its simplicity of coding, as well as considerable shaping gain and energy efficiency, is expected to be an opportune solution for the cost-sensitive short-reach scenarios.
Introduction
In recent years, optical interconnection technology has been widely utilized in the short-reach data communications within or between data centers (DC) and high-performance computers (HPC). Due to the increase of data traffic and size of DCs, advanced optical interconnects providing improved data rate, energy efficiency and reach distance are desired. For most DC and HPC interconnection scenarios, the link distance ranges from several meters to hundreds of meters. In these cases, the intensity-modulation and direct-detection (IM-DD) scheme based on vertical-cavity surfaceemitting-laser (VCSEL) and multi-mode fiber (MMF) exhibits superior advantages of simplicity and low-cost. However, both the frequency bandwidth and signal-to-noise ratio (SNR) of the VCSEL-MMF link are severely constrained due to the direct modulation of VCSEL, the laser noise, as well as the modal dispersion of MMF. Consequently, it is urgently desired to realize higher capacity of optical interconnection, based on VCSEL-MMF links with bandwidth-limited and SNR-constrained frequency response.
To improve the data rate of the VCSEL-MMF links, a variety of advanced modulation formats have been proposed and studied, including N-level pulse amplitude modulation (PAM-N), carrierless amplitude phase modulation (CAP), discrete multi-tone (DMT) and so on [1] - [5] . Among them, PAM-N with comparably low complexity and implementation cost has attracted a lot of interests for IM-DD systems [6] - [11] . Log 2 N-times improvement of data rate can be achieved directly by binary mapping, making it quite suitable for the low-cost VCSEL-MMF optical interconnects. As a result, PAM-4 has been considered as the most promising candidate format for the next generation 400-Gbps standard by IEEE 802.3bs Task Force. Additionally, PAM-N with extended level number like PAM-8, provides further improved spectrum efficiency. However, the extended number of level surely results in stricter requirement of SNR. To deal with it, several equalization methods have been proposed to mitigate the signal distortions, but most of them only deal with the inter-symbol interference (ISI) [7] , [8] .
As an alternative approach, probabilistic shaping (PS) has been rapidly developed in the field of coherent optical communications [13] - [15] . Achievable information rate (AIR) improvement at limited SNR values can be obtained by using non-uniform input probability distributions [16] . In the field of direct detection system, theoretical AIR gain of 0.19 bit/symbol at 16.2-dB SNR has been reported by using the exponential distributions of 6-level PAM signals, and corresponding experiment was presented by external modulation at 1550 nm for single mode fiber transmission [17] . Consequently, it can be expected that PS coding will lead to improved AIR which is particularly desired for the VCSEL-MMF links. In detail of PS, most non-uniform distributions (such as MaxwellBoltzmann distribution and exponential distribution) require distribution matchers and complex code words to code independent and identically distributed sequences into non-uniform ones with the desired distributions [16] , and the induced complexity is not suitable for the cost-sensitive short reach optical interconnects. The objective of this work is to investigate the low-complexity and powerefficient PS method of PAM-4 and PAM-8 for cost-effective VCSEL-MMF optical interconnections.
In this work, a low-complexity and power-efficient PS scheme based on dyadic distribution is experimentally demonstrated and investigated over PAM-4 and PAM-8 modulated VCSEL-MMF optical interconnection links, for the first time to the best of our knowledge. Due to the absence of distribution matcher, dyadic PS is advantageous with simple implementation, which makes it particularly suitable for the cost-effective short reach applications. Moreover, PS coding can reallocate majority distributions to lower levels (near DC) of the PAM signal, resulting in reduced average power along with improved energy efficiency. The VCSEL-MMF solution is currently dominating the sub-hundred-meter-distance optical interconnections. However, the SNR and bandwidth for VCSEL-MMF links are particularly constrained. Therefore, we believe the proposed dyadic PS method is an opportune solution for the cost-sensitive VCSEL-MMF links due to its simplicity of coding with shaping gain and power reduction.
Principle
In this work, we choose AIR for characterizing the optical IM-DD system based on the square-law direct detection with constrained input power. Because most of the memory components (chromatic dispersion) of a fiber-optic channel can be effectively mitigated by several digital signal processing (DSP) methods, we can approximately consider the fiber channel as memory-less AWGN auxiliary channel [26] . With assumption of bit-interleaved coding and bit-metric decoding, generalized mutual information (GMI) can represent the AIR of such channel. The GMI values under AWGN condition can be estimated by Eq. 1. The first part is entropy of PAM-N signal, whose distribution is P X (x). The second part is related to channel SNR, in which q Y|X (y k |x) = Total symbol length of transmitted signal is L and M stands for the bit number of a PAM symbol. X b k,i is the symbol whose i-th bit is b k,i .
Without the consideration of SNR, uniform distribution can achieve its highest AIR equal to the input entropy. However, AIR is a rather limited value when SNR is taken into consideration. Meanwhile, AIR values are quite different for different input distributions. Particularly at low SNRs, AIR is very sensitive to the input distribution, and uniform distribution is not the optimal choice to achieve the highest AIR. In this work, dyadic distribution is adopted for probabilistic shaping of PAM-4 and PAM-8 modulation. To obtain dyadic distributions, binary mapping of M bits generates symbols with probability of 2 −M . However, such variable-length coding will induce synchronization complexity at the receiver, when processing the noisy sequences. One practical solution is to insert ambiguity bits for maintaining the code words in a same length [18] . As for non-uniformly distributed PAM-4, 4-level dyadic distribution has only one form (except zero probability): P X = {1/2, 1/4, 1/8, 1/8}. Thus, entropy of dyadic PS-PAM-4 is 1.75. While for non-uniformly distributed PAM-8, we investigate three dyadic distributions:
. Corresponding entropies of these three PAM-8 distributions are 2.875, 2.75, and 2.375 for P X , P X and P X , respectively. Because P X has the lowest entropy, we are going to investigate AIR performances of PAM-8 with distributions of P X and P X here. The probability distributions of PAM-4 and PAM-8, as well as the shaped signals are shown in Fig. 1 . Due to the fact that distributions of 4-level and 8-level signals have limited number of combinations based on dyadic probabilities, the corresponding distributions are thus fixed which are not adapted refer to SNRs. Despite this, dyadic PS has its own advantage of absence of distribution matcher, which can benefit implementation simplicity. Consequently, it is still of great significance to evaluate the shaping gain of dyadic PS for cost-effective IM-DD system.
As shown in Fig. 2 , AIR gets saturated along with the increase of SNR. The saturated AIR equals to the input entropy of the corresponding PAM-N sequences. The saturated AIR is reduced after dyadic PS, compared with the uniform distribution. However, at a certain SNR region, such as 10.3 ∼ 16.57 dB for PAM-4 and 16.6 ∼ 25.5 dB for PAM-8 (P X ), AIR values after dyadic PS become larger compared with those before shaping. It indicates that dyadic PS can increase the AIR of PAM-N system at the condition of constrained SNR. Because the input entropy is slightly reduced due to shaping, one may need to increase the modulation rate (baud rate) to maintain a same net rate. The zoom-in plot in Fig. 2(b) shows the AIR performances of the PAM-N modulations for SNR ranging from 14 to 24 dB. According to the statement in Ref. 23 , the successful FEC decoding can be obtained when achievable binary code (ABC) rate is larger than FEC code rate [23] . Thus, with assuming optimal FEC coding, the target AIR values of PAM-4 and PAM-8 are set at 1.6 bit/symbol and 2.4 bit/symbol for the investigation of shaping gain to achieve the 20%-overhead SD-FEC (20% FEC) threshold for error-free operation. For PAM-4, the SNR requirement is reduced by 0.61 dB to achieve the FEC threshold after dyadic PS. As for PAM-8, 1.08-and 1.74-dB SNR gain are obtained by dyadic PS to achieve 2.4-bit/symbol AIR, by using distributions of P X and P X respectively.
On the other hand, channel bandwidth is another factor influencing AIR [22] . It is very necessary to quantify AIR gain by dyadic PS, with extra consideration of limited bandwidth. ISI-induced SNR penalty P I SI due to constrained bandwidth has been studied and numerically in Refs. 27 and 28. The equation is given by Eq. 2. Em was defined as the worst-case eye closure caused by limited channel bandwidth [27] , [28] , as Eq. 3. In Eq. 3, N is the level number of PAM-N, T is the symbol period and T C is 10% to 90% rising time.
Known from Eq. 2, the severer ISI, and the more SNR penalty to maintain a fixed transmission performance (AIR in this paper). Consequently, we directly relate the ISI-induced penalty to the increased SNR demand to obtain a same AIR value, for investigation PS shaping performance regarding different SNR and bandwidth. The symbol rate of PAM-4 and PAM-8 are set at 50 Gbaud and 33.3 Gbaud respectively. Considering the reduced entropy after dyadic shaping, the baud rate of shaped PAM-4 is 57.14 Gbaud, and the baud rates of shaped PAM-8 are 34.78 Gbaud and 36.36 Gbaud for two different distributions. To simplify the analysis, we use the 3-dB bandwidth B to characterize the channel bandwidth through B = 0.35/T C . Therefore, taking the channel bandwidth into consideration through induced SNR penalty, AIR values can thus be obtained under varying SNRs as well as bandwidths. The contour plots of AIR gain by dyadic shaping with respect to channel bandwidth (from 20 to 40 GHz) and SNR (from 1 to 25 dB) are shown in Fig. 3(a)-(c) , for PAM-4 and PAM-8 (P X and P X ), respectively.
The results indicate that the improvement of AIR due to dyadic PS can be obtained at the certain SNR and bandwidth regions. For PAM-4, gain zone of the dyadic shaping is quite limited with respect to SNR and bandwidth. The region with positive gain is at 10 to 16 dB SNR and over 25 GHz bandwidth. It can be concluded that, 4-level shaping is not so promising considering the shaping gain by dyadic distribution. One can find through Fig. 3 that the area for positive AIR gain is IEEE Photonics Journal Dyadic Probabilistic Shaping of PAM-4 and PAM-8 TABLE 1 Benchmarks of Shaping Gain for PAM-4 and PAM-8 by Dyadic PS comparably broader for PAM-8 than that for PAM-4. The reason is the narrower spectrum of PAM-8 which leads to less penalty of ISI induced by bandwidth limitation. Moreover, with distribution of P X , the positive gain zone is broader than P X , with highest AIR improvement of 0.4 bit/symbol.
Moreover, it is worth to be noted that when FEC coding is practically implemented after PS, the nearly-uniform distribution of parity bits will degrade the shaping gain [20] . Thus, we further investigate the AIR performance reduction due to FEC-induced distribution deviation. Taking 20% parity bit into consideration, the distribution of dyadic PS-PAM4 will be altered to {0.45 0.25 0.15 0.15}. Then corresponding AIR-to-SNR curves are shown as Fig. 4 , for uniformly-distributed PAM-4, ideal PS-PAM-4 (without consideration of FEC) as well as PS-PAM-4 assuming 20% FEC. The result indicates that 0.17-dB reduction of shaping gain occurs with 20% uniformly-distributed parity bit. Similar calculations are performed on dyadic PS-PAM-8, corresponding results are listed asTable 2. For PAM-8 (P X ), reduction of shaping gain due to FEC implementation is 0.12 dBm, while for PAM-8 (P X ) is 0.13 dBm.
On the other hand, for a fixed dyadic probability combination one can arbitrarily define the symbol of every certain probability. By this mean, one can allocate more probability on lower levels. As a result, average power (maintaining peak-to-peak voltage unchanged) can be reduced so that enhanced energy efficiency can be obtained. As shown in Fig. 5 , the average power can be calculated simply with different probability distributions, with voltages kept unchanged. Therefore, about 46% reduction of average power can theoretically be obtained due to dyadic PS for PAM-4 (from 3.5 a.u. to 1.875 a.u.). And the reduction of average power can go to 44% for PAM-8 with dyadic PS of P X .
Experimental Results and Discussions
Beause the PS-PAM-8 offers higher theoretical AIR gain and larger freedom for re-allocating the symbols due to its more level number than PAM-4, experiments have been carried out directly for PAM-8 modulation over a VCSEL-MMF optical interconnection link to verify the performance of dyadic PS. Corresponding setup is illustrated in Fig. 6 . A 25-GHz arbitrary waveform generator (AWG) is used for signal generation. A multi-dimensional alignment platform is built up for the modulation of VCSEL, including the optically coupling between a comerical-product-level VCSEL bare chip and MMF, and the electrically coupling of the high speed signals to VCSEL through a high speed probe. The VCSEL chip operates at around 850 nm, and the MMF in this work is OM3 fiber. A photo-detector (PD) with 22-GHz bandwidth working at 850 nm is used to detect the optical signals. At the end of the channel, a digital storage oscilloscope (DSO) is used for recording and offline processing of the signals with sampling-rate of 160 GSa/s. The channel frequency responses (electrical connection and optical B2B with 3-m OM3 fiber) are subplotted in Fig. 6 . The system has an optical B2B bandwidth (3 dB) of only 6.7 GHz. Such a degraded channel response is mainly caused by the slow response of the VCSEL chip, as well as the limited-bandwidth opto-electrical devices (AWG and PD).
Dyadic mapping for PS is performed at the transmitter side on MATLAB. To maintain a same code length to generate PAM-8 symbols, ambiguity bits need to be added [18] . The coding rule of PS-PAM-8 is schematically shown in Table 3 . 'X' stands for the inserted ambiguity bits, which can be 0 or 1. Dyadic mapping function is based on M-bit mapping to generate the probability of 2 −M . As for PAM-8 modulation, we adopt dyadic distribution of P X for the experiment since it has the larger AIR improvement compared with P X . The dyadic distribution of P X is: Then, through a high speed Bias-T, the VCSEL chip are directly modulated with PAM-8 signals (uniform PAM-8, PAM-8(PS-1) and PAM-8(PS-2)). Due to the inserted ambiguity bits of PS PAM-8, the code rate is 13/16. Consequently, to maintain a same data rate of 60 Gbps, the symbol rate of PS PAM-8 is increased to 25 Gbaud (30 Gbaud to achieve the net rate of 75 Gbps). The optical B2B eye-diagrams of the 60-Gbps and 75-Gbps PAM-8, before and after PS, are plotted in Fig. 8 . The opening of the eye-diagrams are improved (the sub-eye-diagrams are clearer with larger eye-height and eye-width) compared with that before PS.
Since the probabilities are not uniform for the different levels after PS, the eye-heights for the subeye-diagrams are expected to be non-uniform, with the unbalanced noise distribution over different levels. One can observe the reduced eye-height between levels with larger probabilities, such as the lower levels of PAM-8(PS-2) as shown in Fig. 8 . To deal with this problem and thus to reduce the BER, machine learning detection method of Support Vector Machine (SVM) is utilized [2] . Here, SVM algorithm is performed to obtain the optimal decision lines to decode PAM-N signals, based on sending known sequences for the training of the optical interconnection link. In this work, the length of training sequences is 500. To decode a PAM-N signal, we choose complete binary tree IEEE Photonics Journal Dyadic Probabilistic Shaping of PAM-4 and PAM-8 (CBT) construction to perform decision. Seven SVM classifiers are trained to decode PAM-8 signals.
Before SVM decoding, 50-tap feed forward equalization (FFE) is implemented. The tap coefficients are obtained by least mean square method, plotted in Fig. 9(a) . It can be seen that number of nonzero taps is nearly 10 and the other taps are nearly zero. That means tap number can be further reduced for achieving lower latency. During detection, the average power is maintained at a certain value. After dyadic PS, one can obtain enlarged peak-to-peak voltages (Vpp) for the PAM signals at same received optical power, as shown in Fig. 9(b) . Therefore, Euclidean distances between levels of the PAM signal will be broadened due to PS. Because the AWG and the transimpedance amplifier implemented in the photo-detector both are working in the state of AC coupling (no DC component), the electrical Vpps of PAM-8(PS-1) are higher (less DC component blocked) than PAM-8(PS-2) as well as uniform PAM-8 signals. Thus, better improvement of BER for PAM-8(PS-1), compared with PAM-8(PS-2), can be expected at the same optical power.
The PAM-8 signals have significant modulation nonlinearity even for uniformly distributed signals, due to the nonlinear light-to-current response of VCSEL, as well as the nonlinearity raised by temperature change [2] . Moreover, PS will add extra distortion of different eye-heights as shown in Fig. 5 . We utilized SVM detection method to mitigate the increased BER due to the induced nonlinear eye-heights. Offline BER measurements are further carried out and the BER curves are plotted in Fig. 10 , including PAM-8, PAM-8(PS-2), PAM-8 with SVM, PAM-8(PS-2) with SVM. The bit rate is maintained at 60 Gbps, thus the symbol rates of uniform PAM-8 and PS PAM-8 are 20 Gbaud and 25 Gbaud respectively.
As for the optical B2B case as shown as Fig. 10(a) , the BER of the PAM-8 signal at 1.5 dBm received optical power can reach 0.003 after PS, which has been reduced by about 10 times compared with the uniform PAM-8. By using SVM over the PS-PAM-8, the BER can reach 0.001 which is below the error free threshold of 7%-overhead HD-FEC (7% FEC). The 100-m MMF (OM3) transmission of the PAM-8 signals has also been carried out and the BER curves are plotted in Fig. 10(b) . There is about 0.2-dB link loss due to the transmission and thus the highest received optical power can only reach about 2.3 dBm since optimized launch power of VCSEL is fixed at 2.5 dBm (optical B2B). The smallest BER of 0.003 can still be obtained at 2.3 dBm received optical power. In order to maintain the consistency with the simulations, 20% FEC threshod is utilized as the reference for evaluating the SNR gain (in terms of receiver sensitivy gain assuming the maintained noise power) by dyadic PS. According to the experimental results, there are 1.18-and 0.77-dB SNR gain by dyadic PS, for the optical B2B case and 100-m OM3 fiber transmission, which are lower than the theoretical gain of 1.74 dB in Table 1 . This problem is raised by the residual ISI for the practial channel. The theoretical gain of 1.74 dB is obtained with the assumption of the memory-less channel. The more ISI, the less gain for dyadic shaping (1.08-dB gain for 100-m transmission). Another factor influencing the shaping gain is the increased symbol rate of shaped signals. The limited bandwidth induces more ISI to PS-PAM-8 signals (higher symbol rates than the uniform PAM-8), degrading the shaping gain. When data rate is further increased, the phenominon becomes more obvious. The BER curves of 75-Gbps PAM-8 signals are plotted in Fig. 11 . Due to the increased symbol rates, the limited bandwidth of the optical channel shrinks the signal spectrum more severly, than the case of 60 Gbps. Consequently, the shaping gain of dyadic PS PAM-8 signals is reduced under this circumstance. Desipte this, 0.88-and 0.3-dB power gain is obtained for optical B2B case and 100-m OM3 fiber transmission at 75 Gbps. The power sensitivity gain of PS is mainly contributed by two aspects: 1) shaping gain of PS and 2) reduced optical power with fixed Vpp. Positive shaping gain can be obtained by using non-uniform distribution under certain SNR region. On the other hand, PS can effectively reduce the average power with fixed Vpp. When transmitter maximum power is constrained, the Vpp of PS signal can be enlarged which benefits improved transmission performance. In return, to obtain a same AIR or BER performance, the demand of optical power as well as SNR can be alleviated by using PS method.
As abovementioned, the BER reduction of PS for the PAM signals is due to the enlarged Euclidean distances at the same average power, which means improved signalling energy efficiency can be obtained with signal's Vpp unchanged. The theoretical improvement of energy efficiency by dyadic PS has been discussed as shown in Fig. 5 , with 46% and 44% improvement of energy efficiency for PAM-4 and PAM-8 (PS-2). Therefore, it is more reasonable to evaluate the energy efficiency improvement in terms of receiver sensitivity gain at certain level of BER. Here, we also take 20%FEC threshold as the reference for investigating the improvement of energy efficiency at 60 Gbps. Traditionally, the investigation of energy efficiency should be performed in the aspect of electrical power consumption [24] . Nevertheless, in this work (different codes using a same VCSEL), it is more simple and intrinsic to evaluate the corresponding energy efficiencies with assuming a certain electron-to-photon conversion efficiency (nearly 10% with 10-mA driving current and 2-V voltage) of VCSEL. Consequently, in the optical B2B case, the estimated signaling energy efficiencies (energy per bit) for uniform PAM-8 (0.5-dBm optical power) and PAM-8(PS-1) (−0.24-dBm optical power), both with SVM, are respectively 18.7 and 15.7 fJ/bit. And after 100-m fiber transmission, the energy efficiencies are 19.31 and 16.2 fJ/bit for uniform PAM-8 and PS PAM-8. The experimental energy efficiency improvement is about 16% for optical B2B case and 100-m transmission.
